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Abstract 

In this paper, we will first show that the maximal operator S" 
of spherical partial sums 5^, associated to Dunkl transform on R 

is bounded on (r, Ixp""^^ dx^ functions when ^'^ — ^ < p < 



2a + 3 

, and it implies that, for every LP (r, dx) function 



2a + 1 

/(x), S'^f{x) converges to f{x) almost everywhere as i? ^ oo. On the 
other hand we obtain a sharp version by showing that 5" is bounded 

from the Lorentz space LP" 1 (r, into LP^'°° (r, , 

4(a + l) , 4(a + l) 
0, 1 where po = — — and pi — 



I 



2a + 3 2a + 1 
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1 Introduction and preliminaries 

Given a > and a suitable function f on M, its Dunkl transform is 
defined by 

Dafiy) = / f{x)Ea{-ixy)d^a{x), yeR; (1) 
Jr 
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here ^ 

where J a denotes the Bessel function of the first kind of order a. The inverse 
Dunkl transform is given by Daf{X) = Daf{—\). 



In this paper, we are interested in the almost everywhere convergence as 
R oo of the partial sums S'^f{x) where 

S%f{x) = / DJ{y)E^{txy) \yf-^' dy. 

L J- l« + J-j J\y\<R 

Recall that given /?>—-, the Hankel transform of order P of a suitable 
function g on (0, oo) is defined by : 

n,g{y) = j\{x)^-^x'^^'dx^ y>0. (4) 

Nowak and Stempak (13J), found an expression of the Dunkl transform in 
terms of Hankel transform of orders a and a + 1. 



Lemma 1.1 (see (13] ) Given a > —-, we have : 

DJiy) = HMem) - ^yn^+l (bl) , (5) 

where for a function f on M, we denote by fe and fo the restrictions to (0, oo) 
of its even and odd parts, respectively, i.e. the functions on (0, oo) defined by 

/e(x) = ^ (fix) + /(-X)) , fo{x) = 1 (fix) - f{-x)) , X > 0. 

Define, the partial sums s^g{x) by : 

sU^) = £npg{yy^^y'^^'dy, x>0 (6) 



Almost Everywhere Convergence 



3 



and 

slg{x) = sup s^c/(a;) . (7) 
ii;>o 

In 1988, Y. Kanjin (f^) and E. Prestini (^) proved, independently, the 
following : 

Theorem 1.2 Let /?>--. 

• // ^^^^i^ < p < li^±Il then si IS hounded on ((0, oo), 

7 2/5 + 3 ^ 2/5+1 * \K , J, ) 

functions. 

* If P < orp > } then sf not hounded on LF ((0, oo), x^^"*"^) 

Throughout this paper we use the convention that Ca denotes a constant, 
depending on a and p, its value may change from line to line. 



2 Almost everywhere convergence 

Define linear operators S*^, R> and on the Schwartz space S (M) hy 

SyXx) = ] I DJXy)E^{zxy) \yf"^' dy (8) 



and 



5:/(x) = sup|5^/(x)|, xGR. (9) 

R>0 



Lemma 2.1 Given a> — , we have 

- 2 



smi^) = 4(/e)(kl) + ^4^^ ( ^ ) (kl), (10) 



S:f{x) < <(/e)(|x|) + |X| ( ^ ) (|X|). (11) 



4 



J. El Kamel and Ch. Yacoub 



Proof. Let x e R. By (3), (8) and lemma 1.1, we have 



2"+ir(a + 1) 4|<« 



T-Ca{fe){\y\) - iyTia+l 



Ur) 



{\y\) 



2 Via + 1) < -r-^T h ixy-. — r^— — > 



2X 



\y\<R \yx) 



ynMe){\y\)^-f^\y?''^' dy 



u 

^ J\y\<R 



\y\<R 

yT-Ca+i 



(yx) 



+ - 



X 



K 



a+l 



\y\<R 



fo{r) 



|2a+3 



i\y\) 



(yx) 



a+l 



y^'dy 



We note that the second and the third integrals are equal to zero. So 

sy{x) = \f nMe){\y\)^-f^\y\'^^'dy 
^ j\v\<R \y^ 



+- 



X 



\y\<R 



{yxY 



{yx) 



a+l 



■Ayr^'dy 



sl{fe){\x\)+XstH^-^]{\x\). 



r 



Thus 



S:f{x) < <(/e)(k|) + \X\ {l^]{\x\). 
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Proposition 2.2 Let a > —-. 



If 



4(a + 1) 



< p < 



4(a + 1) 



2a + 

4(a + 1) 
2a + 



— then S"" is bounded on U' (l 



|2q+1 



2a + 3 
functions. 

• If p < ~^ — ^ orp > — - then S" is not bounded on (M, Ixl^"'''"^ dx) 
^^-2a + 3^-2a + l * ^ 

functions. 



Proof. cannot be bounded for p < — J or p > ~^ J (see: f^, 



2a + 3 
4(a + l) 



2a + 1 



.u i u . 4(a+l) 

nu theorem 1, we have tor < p < 

^ ■' 2a + 3 2a + l 

(/e)(|a^|)|lip(]Rj^|2«+i^^-) = 2 ||s"(/e)||^p((o^oo),x2«+ldx) 

^ Cq, ||/e||Lp((o,oo),a;2"+i(ix) 
< Cn 



On the other hand, as in (l^,J3^), one gets 



\X\ S 



{\A)< 



\x\ 



M + H + H + C 



fair] 



(1^1), 



(12) 

where M, H, H and C denotes respectively, the maximal function, the Hilbert 
integral, the maximal Hilbert transform and the Carleson operator. 
LetK = M + H + H + C and w e Ap{R) ,p > 1. It is well known that 



\\Kf\\ 



LP{R,w{x)dx) 



LP{M.,w(x)dx) ■ 



(13) 



Hence 



\x\ s 



a+l 



Ur) 



Lp{R,\x\^°'+'^dx) 



\X\ 



(N) 



Lp(m,\xf°'+^dx) 



K 



/oW a+3/2 



(N) 



LP{R,w{x)dx) 
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withw{x) = p(a+i/2)^ 

4(a + l) 4(a + l) 
Since < p < if and only if —1 < 2a+l—p(a+l/2) < p—1, 

then w e Ap (M) and by (13) 



LP {W.,\x\^°'+^ dx) 



fo{\x\) 



\x 



a+3/2 



\X\ 



LP{R,w{x)dx) 



< Ca ll/o(a;)|lLp(M,|^|2«+lrf^) 

< C„ \\f{x)\\Lp(K,\x\^"+^dx) ■ 



We conclude by lemma 2.1. 



Corollary 2.3 For every f G LF (R, \x 
then 



2a+l 



2a + 3 

Sfff{x) — » /(x) a.e. as R ^ oo 



2a + l ' 



3 Endpoint estimates 

We recall that the Lorentz space L^''^(X, /i), , is the set of all measurable 
functions f on X satisfying 



p,fi 



1 
PJo 



when I < p < oo, 1 < q < oo, and 



p,q 



suptp f*(t) = sup A {df{X))p < oo 



i>0 



A>0 



when 1 < p < oo and q = oo. Where f* denotes the nonincreasing rear- 
rangement of f , i.e. 

f*{t) = inf {s > 0/df{s) < t} , df{s) = ^i{xeX/ \f{x)\ > s} . 

In 1991 E. Romera and F. Soria [S] (see also L. Colzani and all [1]) proved 
the following : 
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Theorem 3.1 Let a > — then s° is hounded from the Lorentz space 

LP-i ((0,oo),x2°+^rfx) intoLP^'^ ((0, oo), x^^+^c/x) , i=0,l whenpo = ^ 

2a + 6 

4(a + l) 

and pi = %s the index conjugate to po- 

2a + 1 

Using this result, we will see that proposition 2.2 can be strengthened. More 
precisely we obtain : 

Proposition 3.2 Let a > — then is bounded from the Lorentz space 
LP^'^ (M, dx) into LP-°° (M, dx),i = 0, 1. 

So using the formulation of Marcinkiewicz interpolation theorem in terms of 
Lorentz space we retrieve Proposition 2.2 {a > —-) as a corollary. 
Proof. By lemma 2.1, we have 

/i, {x e R/s:f{x) > A} < /i, jx e M/</e(|x|) > ^ 



2 



= 1 + 11 

By theorem 2.4, we get : 

^a\xe M/</e(|x|) > ^ I = 2;U« jx G (0, CX))/s°/e(x) > ^ 



Co 



< \\f\\ < 1^ 

- \Pi ll''^llp.,l - \Pi 



To estimate II , we follow closely and we sketch a proof for complete- 
ness. We decompose the set 



xGM/|x|srM^l(N)>^ 



|j|xGM/|x|G4,|x|<+ir 
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where h = [2^2'^+^[. 

fjr) 

Put g{r) := = gl{r) + glir), with gl = gxi;, gl = gX{i*r ' ^^^^^^ 

By (12), we have : 

\A s:^' {gl{r)) (|x|) < ^p7^^ {9l{r)r-^"') 
By (l^, p: 1021), we have for 1 < p < oo, 

k€Z I FI J 



On t/ie ot/ier hand as in (15], p: 1021), we have 

UZ' •-'0 

|x| ' \s\ ' 

Remark that we have considered /o as a function defined on M. 
As the same we get 

\A s:^' {glir)) {\x\)< / |/,(.)| s'^-'/'ds 

\x\ ' Jo 



Using the following facts : 



an 2 



Almost Everywhere Convergence 



9 



G LfO'°° (R, 1x1^"+^) , 
and Holder's inequality for the Lorentz spaces, we arrive to : 

/^^ e M/ |a:| (^^(r)) (1^1) > ^} < |^ ll/oll^:,i < ^ U^,, , 
which completes the proof. 
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